We report on the optical properties of the hole-doped manganites Nd 0.7 Sr 0.3 MnO 3 , La 0.7 Ca 0.3 MnO 3 , and La 0.7 Sr 0.3 MnO 3 . The low-energy optical conductivity in the paramagnetic-insulating state of these materials is characterized by a broad maximum near 1 eV. This feature shifts to lower energy and grows in optical oscillator strength as the temperature is lowered into the ferromagnetic state. It remains identifiable well below T c and transforms eventually into a Drude-like response. This optical behavior and the activated transport in the paramagnetic state of these materials are consistent with a Jahn-Teller small polaron. The optical spectra and oscillator strength changes compare well with models that include both double exchange and the dynamic Jahn-Teller effect in the description of the electronic structure.
I. INTRODUCTION
The discovery of colossal magneto-resistance (CMR) in hole-doped ferromagnetic manganite materials of the form (Ln) 1−x (A) x MnO 3−δ , where Ln is a lanthanide and A is an alkaline-earth element, has revived interest in this complex magnetic system.
1 These systems crystallize in a pseudo-cubic perovskite structure. The electronically active orbitals are the Mn d-orbitals and the number of electrons per Mn is 4 − x. Hund's rule coupling implies that 3 electrons are localized on the t 2g orbitals forming a core spin of S c = 3/2, while the remaining 1 − x electrons go into a band derived from the e g orbitals. When the material is doped in the range of 0.2 < x < 0.5, it undergoes a phase transition between a paramagnetic insulator and a ferromagnetic metal at temperature T c .
The double-exchange model proposed by Zener 2 was the mechanism first used to explain the paramagnetic to ferromagnetic phase transformation in these conducting materials. In this model the hopping probability between Mn sites for the electrons residing on the e g orbitals is maximal when the core spins are parallel and minimal when they are antiparallel. Hence, the model provides a qualitative explanation for the metallic conduction below T c (spins well aligned), and insulating behavior above T c (spins randomly aligned). However, recent theoretical as well as experimental reports suggest that, within this model, the coupling between the charge and spin is not enough to explain the high temperature insulating phase. In particular, theoretical arguments [3] [4] [5] [6] indicate the need to include effects that are related to the strong coupling between charge and the lattice such as the Jahn-Teller (JT) effect associated with the Mn 3+ ions. In this picture a JT distortion lifts the degeneracy in the e g orbitals causing a splitting into lower and upper e g levels that is static for 0 < x < 0.2 and appears to be dynamic for x > 0.2. Since the JT distortion is associated with the Mn 3+ ions it can localize the e g electrons in the paramagnetic phase of the alloys leading to insulating behavior. Whereas, the increased e g band width in the ferromagnetic state quenches the JT effect and produces metallic conduction. Optical absorption studies of the stoichiometric parent compound LaMnO 3 give evidence for static JT distortions. Analysis of the optical conductivity of LaMnO 3 within the local-spin-density approximation suggests that the observed gap in the optical conductivity of about 1.0 eV corresponds to the optical process of promoting a hole between the JT split e g bands on the Mn 3+ ions. 7, 8 Optical measurements have also been reported for the series of compounds La 1−x Sr x MnO 3 .
9-11 The results from optical reflectivity studies of metallic samples (x > 0.2) show large transfers of spectral weight from high frequencies to low frequencies as the samples are cooled from the paramagnetic state through T c into the ferromagnetic metallic state. 9, 10 In these studies it is also concluded that a simple double-exchange picture is not enough to explain the observed changes in the optical spectral weight over such a large energy scale compared to k B T for all doping concentrations. 9, 10 Other recent experimental results also suggest the presence of strong lattice effects in these materials: shifts in the IR phonon frequencies related to the Mn−O bonds in La 0.7 Ca 0.3 MnO 3 near T c have been reported by Kim et.al. 12 ; anomalies in the local structure of the MnO 6 octahedron near T c obtained from neutron scattering studies of La 1−x Ca x MnO 3 have been interpreted in terms of Jahn-Teller distortions 13 ; a magnetic field driven structural phase transformation was observed 14 in La 1−x Sr x MnO 3 ,for x = 0.170; thermopower measurements of La 0.7 Ca 0.3 MnO 3 have also suggested the presence of small polaronic behavior above T c that is found to disappear below the insulator-metal transition. 15 Localization of the e g electron on the Mn 3+ ions in the paramagnetic state of the doped manganites due to Jahn-Teller distortions is a self-trapping effect, i.e., a small polaron. 5 If the carriers are localized due to this electron-phonon coupling, there should be an optical signature of the small polaron associated with photo-induced hopping of the carriers, as has been reported in systems such as TiO 2 . 16, 17 In an earlier publication we reported evidence for the JT small polaron in Nd 0.7 Sr 0.3 MnO 3 .
18 In this paper we present an extension of that earlier work by comparing the optical conductivity derived from transmittance and reflectance measurements of La 0.7 Sr 0.3 MnO 3 , La 0.7 Ca 0.3 MnO 3 and an oxygen annealed Nd 0.7 Sr 0.3 MnO 3 thin film as a function of temperature and for photon energies up to 5 eV. As in the previous work, the optical conductivity on these new films show large shifts in spectral weight from visible to infrared frequencies as the temperature is lowered through T c , demonstrating broadband changes in electronic properties on an energy scale several orders of magnitude larger than k B T c . In the paramagnetic-insulating state of all three materials the optical conductivity at low energies is characterized by a broad maximum near 1 eV as we reported earlier for Nd 0.7 Sr 0.3 MnO 3 and interpreted in terms of the photon induced hopping of the Jahn-Teller small polaron. Therefore these new experiments show that this feature is generic for the paramagnetic state of the pseudo-cubic manganites. This spectral feature is found to shift to lower energy and grow in optical oscillator strength as the system enters into the ferromagnetic state. It gradually transforms into a Drude-like response well below T c where the transport is metallic. Nevertheless, the polaron peak can still be identified at temperatures substantially below T c .
At higher frequencies, the spectrum of σ 1 (ω) indicates the presence of a temperature dependent optical absorption feature centered at 3 eV and a large spectral feature at 4 eV which still has a weak temperature dependence. The 3 eV feature appears to be more prominent in the paramagnetic state as is seen by looking at the difference in conductivity: ∆σ 1 = σ 1 (T ) − σ 1 (10K). The energy position of this feature suggests that it involves transitions between the Hund's rule spin-split e g derived bands. The 4 eV feature is most likely related to a similar feature that is seen in the undoped materials where it has been identified as a charge transfer transition between the O 2p and the Mn d derived bands.
11
We also present an analysis of the magnitude and temperature dependence of the spectral weight dωσ 1 (ω) and of its relation to the spin wave stiffness at T = 0.
3 This analysis extends and corrects an earlier treatment by including the finite Hund's rule splitting and a more realistic treatment of the e g bands. 19 (in what follows we will refer to these samples as NSMO, LSMO, and LCMO respectively). The films are epitaxial as revealed by x-ray diffraction, and show 3 MeV He + ion Rutherford backscattering channeling spectra with a minimum yield of 3.8%, indicating a high degree of crystallinity. Additional characterization of these samples was done by performing resistivity and ferromagnetic resonance measurements.
20,21
Fig . 1 shows the temperature dependence of the resistivity for the three samples that we studied using standard four-probe measurements. The temperature at which the resistivity peaks, T p , is 235 K for NSMO, 250 K for LCMO and 360 K for LSMO. These values are close to the Curie temperature T c in these samples. In addition to the observed progression in T c , there is also a variation in the low-temperature value of the resistivity ρ. The values for ρ at T = 10 K are 350 µΩ − cm for NSMO, 300 µΩ − cm for LCMO, and 10 µΩ − cm for the LSMO sample. To the best of our knowledge, these are the lowest values for the resistivities ever reported for these materials indicative of the high quality of these thin film samples. The observed low temperature resistivities correspond to conductivities greater than the Mott minimum conductivity (σ M ott = 0.656
if the carrier density is determined by the divalent alkaline earth substitution x/Ω 0 , where Ω 0 is the unit cell volume). It is noteworthy that the low temperature resistivities previously reported in the literature for bulk and film samples generally correspond to conductivities below the Mott minimum conductivity which suggests that those samples were not homogeneous. Our results imply that previous reports do not reflect intrinsic behavior, perhaps because of sample inhomogeneity. We suggest that proposals of "super-unitary" scattering 22,23 be re-examined as the intrinsic behavior becomes better determined.
B. Optical techniques
Transmittance and reflectance measurements were performed using a Fourier transform spectrometer (BOMEM DA3) to cover the investigated regions of 5 meV to 25 meV and 0.20 eV to 5 eV. These are the frequency ranges for which the LaAlO 3 substrate is transparent. Measurements in this wide range of frequencies were accomplished by using different combinations of sources, beamsplitters and detectors. The uncertainty in the absolute transmittance obtained from the reproducibility in the different spectral ranges is ±2%. Likewise, the uncertainty in the absolute reflectance spectra is estimated at ±3%. Temperature dependent measurements were made possible by mounting the samples on the cold finger of a continuous flow cryostat with room temperature windows for optical access. The cryostat unit was placed inside the sample compartment of the spectrometer. The temperature of the sample was stabilized by using a temperature controller with a calibrated Si diode sensor mounted near the sample and a heating element attached to the cold finger of the cryostat.
At far infrared frequencies the real part of the optical conductivity, σ 1 , is determined from the observed transmittance given by
in the thin film limit d/δ << 1, which is well satisfied in our samples (here δ = λ/4πκ, is the skin depth and d is the film thickness). T F S and T s are the transmittance of the film/substrate and substrate respectively, Z =
, where Z 0 is the free space impedance, and n the refractive index of the substrate. Inverting Eq. (1) we can write
The final inequality becomes an equality when σ 2 /σ 1 << 1. Terahertz measurements on a LSMO sample 24 confirm that σ 2 /σ 1 << 1 is a valid approximation in the regime of interest 0 < ω < 100 cm −1 . At higher frequencies, the optical properties of the samples in the infrared-UV range are derived from the measured transmittance and reflectance by numerically inverting the Fresnel formulae for a thin film on a weakly absorbing thick substrate. The interference (etalon) effects from the substrate are averaged by using low spectral resolution in the measurement and by averaging over the interference fringes in the analysis. 25 This procedure yields the index of refraction and extinction coefficient of the thin-film material, n f and κ f respectively, using n and κ for the substrate. The results of n f and κ f are then used to derive the other optical constants such as the dielectric function, ǫ(ω), or the optical conductivity σ(ω). 26 Since this technique does not rely on Kramers-Kronig analysis it permits reliable measurement of the optical conductivity up to the high frequency cut off of the optical equipment (5 eV).
This analysis assumes that the index of refraction, n, and κ of the substrate are known quantities. In all the substrate samples that we measured, we found the index to be roughly constant, n ≃ 2.0, and sample independent in the 0.2−5 eV range. 27 Although the values for the extinction coefficient were small in this same range (10 −3 − 10 −4 ), we found some variation in κ for different samples of LaAlO 3 especially near the cutoff frequency of 0.2 eV. The differences are sufficiently large that it is necessary to use the values for n and κ for the substrate on which the film was grown in the analysis since the effect of κ in the substrate is similar to the effect of σ 1 in the sample ( ∼ 10%). Therefore, after the film was measured, it was removed from the substrate and the transmittance and reflectance of the bare substrate were measured. This procedure ensured that the proper values of n and κ for the substrate were used in the final inversion of the data.
III. RESULTS: OPTICAL SPECTRA
The optical conductivity in the far infrared was estimated as described in section II-B. Because of the narrow range of the transmission window of the LaAlO 3 substrates and the featureless transmissivity from 20 − 100 cm −1 these data provide only a low frequency data point to our broad band conductivity spectra shown in Fig. 2 . It is interesting to compare this far infrared conductivity with the DC conductivity of the same films. Fig. 3 displays a comparison of the measured DC conductivity and the derived conductivities at 20 cm −1 using Eq. (2). We noticed a reasonable agreement between the AC and DC values for LCMO and NSMO samples. However, a striking disagreement is found for the LSMO sample. The measured DC conductivity in this sample is roughly 10 times larger than the AC values obtained at 20 cm −1 . Similar results have been observed in another high conductivity LSMO film. However, typical LSMO films have a resistivity of around 100 µΩ−cm in better agreement with the AC values. The observed discrepancy for the high conductivity films is particularly significant when it is recalled that the far infrared AC conductivity derived from Eq. (2) is an upper limit of the true value. Therefore, the discrepancy is not a consequence of granularity in the film since this effect would lead to an effective DC resistivity larger than the intrinsic value due to the higher resistivity of the grain boundaries. We believe that the observed behavior may be explained in terms of an anisotropic conductivity arising from strain effects in the films. Such effects may be expected in materials with a strong coupling between the electrons and the lattice as we are reporting in this paper. Further studies of these effects are in progress.
The results of the real part of the optical conductivity, σ 1 (ω), for the three samples measured at different temperatures are shown in Fig. 2 . The symbols near zero frequency are obtained from the far-infrared transmittance measurements as described above. The IR conductivity is seen to extrapolate reasonably to the far infrared value except for a downturn near the low frequency IR cutoff. This effect is believed to be related to the difficulties in characterizing the differences in the extinction coefficient of the substrates near the IR cutoff as discussed earlier. Therefore we do not trust the data below about 0.3 eV. In the results shown in Fig. 2 , we find that near and above T c , the optical conductivity for the three samples is dominated by a broad maximum near 1 eV with a peak value of roughly 600−700 Ω −1 −cm −1 , only slightly higher than the Mott conductivity. We also notice that the feature near 1 eV evolves in temperature in very much the same way for the different alloys. These data indicate that this feature is universal in the hole doped pseudo-cubic manganites. In all the samples, the broad maximum in the conductivity spectrum above T c moves to lower frequencies and grows in oscillator strength as temperature is decreased through T c . The peak structure remains identifiable well below T c , but as the temperature is lowered further into the metallic range the low frequency part fills in and eventually σ 1 (ω) increases with decreasing frequency for T << T c . This indicates a Drude response and coherent conduction at low temperatures and low frequencies in all the samples. The results for the new oxygen annealed Nd 0.7 Sr 0.3 MnO 3 sample differ from the results on an unannealed sample, reported previously, which did not show a Drude-like response even at the lowest temperature, although the T > T c behavior was similar to that observed here. The earlier sample had a lower T c and a much higher DC resistivity (σ DC < σ M ott ) than the present sample even at the lowest T and similar to values generally reported in the literature on NSMO. Clearly, the different oxygen treatment of the two samples produced different behaviors in their DC transport and optical properties.
Throughout the infrared the reflectance and transmittance of the films is dominated by σ 1 and is relatively insensitive to ǫ 1 . Therefore our results ǫ 1 are less reliable. Nevertheless, we find that ǫ 1 remains positive down to at least 0.5 eV despite the apparent free-carrier response of σ 1 (ω) at low temperature, which would be expected to produce a negative ǫ 1 characteristic of a metal. The observed behavior is not completely unexpected since interband transitions between the two e g bands are expected in this spectral range. Nevertheless, this behavior indicates that the spectral weight of the coherent component of the conductivity is only a small fraction of the total spectral weight in all these samples as has been reported in Refs. [ 9, 10] .
The other major spectral feature in the optical data is the strong peak in the conductivity near 4 eV. The noisy appearance of the conductivity data near the peak of this feature is a consequence of the very small transmittance of the films due to the strong absorption at the peak. Also, this feature appears noticeably weaker in Nd 0.7 Sr 0.3 MnO 3 .
IV. DISCUSSION

A. Overview
In this section we discuss in more detail several of the striking features of the optical conductivity data shown in Fig. 2 . There are three main peaks: at ∼ 1 eV, 3 eV, and 4 eV. A qualitative picture of the states and optical transitions is shown in Fig. 4 . The important orbitals are the Mn e g and O 2p levels. Optical absorption is controlled by the electric dipole matrix element and allowed transitions involve motion of a charge either from one Mn-site to another or from an O to a Mn. Ref. [ 28] argues that transitions from one e g orbital to another one on the same site appear in the optical spectrum, but we believe these transitions have negligible oscillator strength because both the initial and the final states have d-symmetry with respect to the same origin.
There are several important energies. One is the e g − O 2p charge transfer energy ∆. Another is the Jahn-Teller energy E JT : if a Mn site has one e g electron then a local evenparity lattice distortion which breaks cubic symmetry may occur; this splits the e g levels by an amount E JT . A third is the breathing distortion energy E B : at an Mn-site with no e g electrons a symmetric "breathing" distortion of the surrounding oxygens may occur: if (as occurs in an optical transition) an e g electron is added on a timescale which is fast compared to a phonon frequency (so the lattice does not have time to relax) the final state is shifted up in energy by E B . In LCMO with x = 0.5, the low temperature phase is charge ordered and both breathing and Jahn-Teller distortions occur. 29 The amplitudes of these distortions are approximately equal, suggesting E B ∼ E JT . A fourth energy is the "Hubbard U" repulsion 30 between two e g electrons on the same site. As will be discussed below, available evidence suggests that the effective U describing the low (ω < 4 eV) energy physics of the e g band is weak. A final energy is the Hund's coupling J H : each Mn has a S = 3/2 t 2g core spin (not shown in Fig. 4) ; any e g electrons may have spin parallel or antiparallel to the core spin; the "antiparallel" state is higher by an energy J H .
In the remainder of this section we shall argue that the 1 eV feature involves e g − e g transitions within the parallel spin manifold; the 3 eV feature is due to e g − e g transitions in which the final state is antiparallel and the 4 eV feature is the e g −O 2p transition.
The most striking feature of the data in this energy range is the broad peak centered at ω ≈ 1 eV (1.3 ∼ eV in the LCMO and NSMO samples, and perhaps at a somewhat lower energy in LSMO), which is evident in the paramagnetic phase in all samples and which, as T is decreased below the magnetic T c , loses intensity and shifts to lower frequency, eventually evolving into the Drude-like response observed at very low temperatures. This feature was first observed by Okimoto et.al. 9 and was interpreted by them as the "parallel" to "antiparallel" transition, implying a J H ∼ 1.5 eV. However, as noted by Millis et.al. 4 the temperature dependence of the spectral weight of the 1 eV feature is inconsistent with this interpretation. Because the electric dipole matrix element preserves spin, the "antiparallel" final state is inaccessible if the material is in the fully polarized ferromagnetic ground state, so the oscillator strength in the "antiparallel" transition should decrease as T is lowered below T c . However, as seen in Fig. 2 and Fig. 5 , the intensity in the peak feature grows as T is decreased below T c , even as the feature broadens and shifts to lower energies, inconsistent with the "antiparallel" interpretation. We, therefore, believe it involves parallel spin e g − e g transitions only. However, the temperature dependence of σ(ω) near ω = 3 eV is consistent with transitions to an e g "antiparallel" final state. As can clearly be seen in Fig. 5 , which displays the difference [σ 1 (ω, T ) − σ(ω, T = 10K)], a peak at ω ≈ 3 eV grows in strength as the temperature is raised and the core spins are disordered.
Returning now to the 1 eV feature, we ascribe it to e g −e g transitions. As will be discussed in detail in the next section, the oscillator strength is consistent with that expected for dipole allowed d−d charge transfer transitions between Mn ions on different sites. The insulating nature of the paramagnetic phase and the peak-like shape of the absorption suggests that it arises from excitation of carriers out of bound states. One possibility is localization due to disorder, as suggested by Ref. [ 31] . We think this is unlikely because of the universal appearance of the feature in manganites of widely varying dc conductivities. 32 As noted by Jung et.al.
28 the characteristic energy of the absorption feature in the paramagnetic state of the doped materials is similar to that observed in insulating LaMnO 3 , where a ∼ 1.5 eV gap appears in the e g manifold due to the presence of a long range ordered Jahn-Teller distortion. In LaMnO 3 this feature is believed to be due to the e g − e g transition shown in the right-hand panel of Fig. 4 ; the gap of 1.5 eV corresponds to a band-center to band-center energy difference of about 2.5 eV and we identify this energy as E JT + U for LaMnO 3 .
Doped materials in the paramagnetic phase were predicted 3 to have lattice distortions similar to those occurring in LaMnO 3 (but without the long ranged order) and these distortions (with amplitude about 70% of those in LaMnO 3 ) have recently been directly observed in neutron PDF 13 and EXAFS 33 experiments. We, therefore, interpret the 1 eV feature observed at T > T c in our doped samples as being due to the excitation of a carrier out of a bound state produced by a strong local lattice distortion (and into a final state also modified by the lattice distortions). Of course, in doped materials the e g electron concentration is less than 1 per site, so transitions such as those shown in the left panel of Fig. 4 are also possible. The fact that only one (broad) feature is observed suggests that the energy shift due to the breathing distortion, E B , is comparable to the Jahn-Teller plus Coulomb energy E JT + U.
As the temperature is decreased below T c , the 1 eV feature grows in intensity and broadens, and eventually evolves into the Drude-like response observed at very low temperatures. This behavior corresponds to the collapse of the Jahn-Teller small polaron as the system goes into the ferromagnetic state. It can be understood in terms of a model proposed by Millis, Mueller and Shraiman 3 that incorporates double exchange and dynamic JT effects in the system. In this model, the behavior of the system is controlled by the dimensionless effective coupling constant λ defined as
where t is the hopping probability, and θ ij is the relative angle between neighboring spins. The temperature dependence is controlled by the cos(θ ij /2) factor, which goes from 2/3 in the paramagnetic state to 1 in the ferromagnetic state. Within this model a qualitative description of the data shown in Fig. 2 is as follows: In the paramagnetic state λ is larger than λ c , the critical value for the formation of a small polaron. As the temperature is decreased, the spins become aligned and λ decreases becoming smaller than λ c leading to a collapse of the JT small polaron and coherent Drude-like conduction at low temperatures. The optical conductivity calculated within this model show shifts in oscillator strength and linewidth as function of λ that compare well to the experimental results shown in Fig. 2 below 2 eV. 5 The behavior of the resistivities, the Curie temperatures and the optical properties of these materials indicate that LSMO, LCMO, and NSMO have a progressively increasing JT coupling λ. We emphasize that in all the samples the JT small polaron feature remains for intermediate temperatures below T c . This is consistent with thermopower and EXAFS measurements that also suggest evidence for small polaronic behavior in the LCMO near T c . 15, 33 The downward shift in the polaron feature and the onset of metallic conductivity indicate a gradual transition from a small polaron to a large polaron and a corresponding gradual growth of the strength of the coherent conductivity.
Another aspect of the data shown in Fig. 2 is a large redistribution of spectral weight from optical transitions occurring above 2 eV to below the 1 eV feature discussed above. The temperature dependence of σ 1 (ω) is seen to extend up to the upper limit of our measurements (5 eV). In this section we discuss the origins of the two major spectral features in this range. The first one is the strong absorption at ω ≃ 4.0 eV. The assignment of the optical process involved in this transition is made by comparing it with the result of the undoped parent compound LaMnO 3 . In this material, a similar peak in the optical conductivity has been observed at this frequency and assigned to a charge transfer transition between the O 2p and the e g derived bands.
7,11 The T -dependence of the 4 eV feature does not, however, account for the missing spectral weight when the sample is warmed above T c as can be seen in Fig. 5 . To fully account for all the low-frequency oscillator strength in the ferromagnetic state it is clear that it will be necessary to include contributions up to and beyond the 5 eV limit of our measurements. The temperature dependence of the spectral weight will be discussed further in the next section.
B. Comparison to theory: magnitude and temperature dependence of optical spectral weight
This section presents a more quantitative comparison of data to theory. The main results are: (i) the e g electron kinetic energy is largest (and effective electron-phonon interaction weakest) in LSMO, while the kinetic energy is smallest (and electron-phonon interaction strongest) in NSMO, with LCMO being intermediate. (ii) In all compounds at lowest temperature the e g kinetic energy is greater than or approximately equal to the band theory value, suggesting that at this temperature the effects of the electron-phonon and electronelectron interaction are relatively weak. (iii) The change in e g kinetic energy between lowest temperature and T c is too large to be consistent with models involving only double exchange, but is consistent with theories based on the interplay of double exchange and electron-phonon coupling. (iv) There is a reasonable consistency between the optical estimates of the electron kinetic energy and the observed low temperature spin wave stiffness (our analysis here generalizes and corrects statements made in Ref. [ 3] ). (v) The magnitude of the change in optical absorption near ω ≈ 3 eV is quantitatively consistent with the interpretation, given in the previous section, of the 3 eV peak as transitions to the "antiparallel" final state.
Because calculations of σ(ω, T ) including both a realistic treatment of the e g band structure and the effects of the electron-phonon interaction are not available, we focus the discussion on the spectral weight S(ω) defined by
It is sometimes convenient to define an effective number of electrons per unit cell N ef f (ω) and a kinetic energy K(ω) via
where V cell is the unit cell volume and
cell . If the integral in Eq. (4) is carried out to ω = ∞ the familiar f-sum rule implies one obtains N ef f (ω = ∞) = N, the total number, core plus valence of electrons in the unit cell. S(ω < ∞) gives a partial sum rule which may give information about low-lying states of interest. For the manganites the low-lying states of interest are the e g electrons; in the analysis which follows we will first present some theoretical results, then determine an ω such that S(ω) is a good estimate of the spectral weight in the e g − e g transitions and finally use the magnitude and temperature dependence of the determined spectral weight to infer the results listed above.
We begin with theory. We assume the physics of interest is determined by carriers hopping between Mn e g -symmetry d-levels on sites of a simple cubic lattice of lattice constant a 0 and interacting with each other, with the lattice, and with core spins of magnitude S c = 3/2. The Hamiltonian iŝ
Here d † iaα creates an electron with spin α in e g orbital a on site i, J H is the Hund's coupling between the itinerant electrons and the core spins, H IN T represents the other interactions and t ab δ = t ba δ represents the direction-dependent amplitude for an electron to hop from orbital b to orbital a on site i + δ. A is the vector potential and conductivity is calculated by linear response in A as usual. The calculated band structure 34, 35 is in fact well fit by a t ab δ which involves only nearest neighbor hopping which is only non-zero for one particular linear combination of orbitals, and has the magnitude t 0 ≃ 0.4 eV. The particular linear combination depends on the basis chosen for the e g doublet and on the direction of δ. If basis states |x 2 − y 2 and |3z 2 − r 2 are chosen then for δ =ẑ the only non-zero element of t is the one between |3z 2 − r 2 orbitals on the two sites. The analysis which follows does not depend in any important way on the form chosen for t ab δ , but the numbers of course do. In this model the quantity K= K(ω = ∞) defined in Eq. (6) is given by
Here stands for a quantum and thermal expectation value in the ensemble of eigenstates ofĤ. Note becauseĤ involves only a subset of all orbitals (in the present case, only the e g −symmetry d−levels) the total optical oscillator strength in transitions described byĤ is less than the full f-sum rule value Ne 2 /m and indeed is given by the expectation value of an operator (in the present case, the kinetic energy). This expectation value may depend on temperature and interaction strength. The missing f-sum rule oscillator strength comes from transitions between e g orbitals and other orbitals not described byĤ; these transitions will have oscillator strengths which also depends on temperature and interaction. We are not aware of theoretical results indicating which transitions are most important in restoring the spectral weight. Interestingly, the data in Fig. 5 suggest that in the manganites the e g −O 2p transitions are not the ones primarily responsible for restoring the spectral weight. If H IN T = 0, the non-interacting value K 0 may be evaluated at T = 0. For x = 0.3 we find K 0 = 0.46 t 0 ∼ = 0.18 eV.
K 0 = 0.18 eV implies the effective carrier density N ef f = 0.36. If H IN T = 0 and a fully polarized ferromagnetic state is assumed for the core spins then the free energy is given by extremizing the kinetic energy, which is the operator whose expectation value yields K. Spin disorder or inclusion of H IN T will therefore change the wave function to one which does not optimize the kinetic energy. K 0 is therefore an upper bound to the optical spectral weight of the model specified by Eq. (7) and would be a reasonable estimate for the low-T oscillator strength in the manganite e g bands if interaction effects are not important. Some caution is required because the Mn−Mn hopping amplitude is a very sensitive function of the length and degree of buckling of the M−O−Mn bond, so the value t 0 = 0.4 eV obtained from a band calculation for LaMnO 3 may not be exactly correct for the doped materials which have somewhat smaller unit cell sizes and slightly different crystal structure.
In order to compare the observed oscillator strength to the band theory estimate, we must identify the e g contribution to the absorption. In the previous section the peak at ω ≈ 4 eV was identified as coming from Mn−O transitions. From the T = 10K curves in Fig. 2 one sees that in the LSMO and LCMO samples the Mn−O transition dominates the absorption for ω > 2.7 eV. For the NSMO sample the Mn−O transition is not so clearly separated. For all three samples we estimate the e g kinetic energy at T = 0 by integrating the data up to ω = 2.7 eV; this yields the values for K(2.7) shown in Table I . The trend in kinetic energies is reasonable. LSMO has the highest T c and is the most metallic, consistent with its relatively large optically determined kinetic energy, while NSMO has the lowest T c and is the least metallic, and also has the smallest kinetic energy. All of the observed kinetic energies are larger than those estimated from band theory. The discrepancy could be due to an incorrect identification of the e g contributions to σ. If we cut off the integral at 2 eV rather than 2.7 eV the correspondence between data and band theory would be much more reasonable. However, our analysis of the temperature dependence of the spectral weight, which will be discussed below, leads us to believe that we have correctly identified the e g transitions, and that our analysis of the available band calculations has underestimated the kinetic energy by up to 30%; however in view of the uncertainties involved we regard the correspondence between data and band theory as reasonable. The analysis suggests that at low T any renormalizations of the kinetic energy due to electron-electron and electron-phonon interactions are small.
We now consider the temperature dependence of the spectral weight, which is obviously large and provides further information on the relevant energy scales. As the temperature is raised from zero the core spins cease to be perfectly aligned, causing the kinetic energy to decrease. As explained in Ref. [ 4] the decrease in bare electron kinetic energy increases the effective electron-phonon coupling, causing a further decrease in the e g kinetic energy. Additionally, the core spin disorder means that optical transitions in which an e g electron goes from parallel to the core spin on one site to antiparallel to the core spin on another becomes possible. The final state energy in this "antiparallel" transition is ≈ J H S C . In the J H → ∞ limit the "antiparallel" transitions may be neglected; in the actual materials J H S C is large enough that the "parallel" and "antiparallel" absorptions are well separated in energy and may be discussed separately. At T = 0, the core spins are fully aligned and only "parallel" transitions are possible; as T is increased the spectral weight in the parallel spin transitions decreases both because the total kinetic energy decreases and because some of the remaining spectral weight is transferred to the "antiparallel" transitions. A detailed theoretical analysis of the temperature dependence of the spectral weight including finite J H and realistic band structure is not yet available, but results for J H = ∞ and a simplified band structure are given in Ref. [ 5] . For finite J H and more realistic band structure statements can be made about the changes in spectral weights from T = 0 to T > T c , where the core spins may reasonably be expected to be completely uncorrelated from site to site. Calculations using the non-interacting model, Eq. (7) with H IN T = 0, show that if the "parallel" and "antiparallel" absorptions are well separated in energy then as the temperature is raised from T = 0 to T > T c , the change in spectral weight in the parallel spin transitions is given to good accuracy by the results of the J H = ∞ limit, while at T > T c the ratio of "antiparallel" to "parallel" spectral weights is approximately 2t 0 /1.4J H S c ≈ 1/3 (using t 0 = 0.4 eV and J H S c ≈ 2 eV, which is estimated as the difference between the energies of the "parallel" and "antiparallel" absorption bands). We believe that these conclusions, which have been verified in the noninteracting limit, apply also to interacting models. We therefore analyze the T > T c data by comparing the parallel spin spectral weight to the J H = ∞ calculations and the "antiparallel" weight to 1/3 the parallel weight. The parallel-spin spectral weight is most conveniently addressed by considering the change in oscillator strength between lowest T and T > T c . In double-exchange only models such as Eq. (7) with H IN T = 0, the oscillator strength decreases by 1/3, i.e., ∆K = K(T = 0) − K par (T > T c ) = 1/3 K(T = 0). Models involving the interplay of double-exchange and electron-phonon coupling can produce a larger ∆K/K(T = 0) because of a feedback effect: decreasing K par by increasing spin disorder increases the effective electron-phonon coupling which decreases K par still further. In Ref. [ 5] weak, intermediate, and strong electron-phonon couplings were distinguished. The intermediate coupling regime was argued to be relevant to CMR; in this regime the phonon renormalization of the kinetic energy is small at low T (where the behavior is metallic) but significant at high T (where the interaction has localized the electrons). This leads to ∆K ∼ = K(T = 0), in good agreement with theory. Further, the observed magnitude of ∆K supports the correctness of our estimate for K(T = 0). If the band theory estimate K 0 = 0.18 eV were correct, then in LSMO, the observed change in spectral weight would be 70% of the total. Such a large change seems very unlikely.
Finally, we turn to the "antiparallel" absorption. Taking the 3 eV feature in Fig. 5 to be the "antiparallel" transition and integrating the difference in conductivity between the highest and lowest temperatures from 2.2 to 4 eV we find spectral weights K anti given in Table I for the three compounds. The parallel spectral weights K par also shown in Table I are obtained as before by integrating up to 2.7 eV. This leads to ratios of the "antiparallel" to the "parallel" spin absorptions of about 1/3, in reasonable accord with the theoretical estimates.
We now turn to the spin-wave dispersion which at small q has the form ω magnon = Dq 2 . The value of D is of interest because in double-exchange materials the spin stiffness is related to the amplitude for conduction electrons to hop from one site to the next, and as we have seen this is given by the conduction-band optical spectral weight. One therefore expects a relation between the optical spectral weight and the spin wave stiffness. To derive this relation ship more precisely, we consider the energy cost ∆E(q) of imposing a static distortion of wavevector q. The long wavelength limit of this energy cost is related to the spin wave stiffness by factors involving the quantum mechanical spin dynamics. For double exchange materials the relationship is
Here
(1 − x) ∼ = 1.85 is the magnetic moment per site. To calculate ∆E(q) we suppose that on each site the core spin S i c is characterized by polar angles (θ i , φ i ) and that θ i is small, so we are near the fully polarized θ i ≡ 0 state. On each site we rotate the e g electron basis so that it is parallel to S ci . The rotation matrix which does this is R i = cos
n · σ where n = (n x , n y ) with n x = cosφ i and n y = sinφ i . We now calculate E(θ i ) − E(θ = 0) by second order perturbation theory. The perturbation Hamiltonian isĤ
Now (1 − R † i R i+δ ) has a term of order θ, with which we do second order perturbation theory, and a term of order θ 2 , with which we do first order perturbation theory. For first order perturbation theory we take the ground state expectation value ofĤ p , obtaining ( m i = θ i n)
(note the term in1 − R † R proportional to σ z vanishes by symmetry). Now turn to second order perturbation theory (neglected in some previous work 3 ). The second-order perturbing Hamiltonian isĤ
This is basically the current operator convolved with the gradient of the magnetization. In the limit J H → 0, the up and down e g bands become equally populated and for long wavelength spin fluctuationsĤ ′ p becomes identical to the current operator; as q → 0 the second order perturbation contribution cancels the first order one just as do the paramagnetic and diamagnetic parts of the optical conductivity and the stiffness vanishes. In the limit J H → ∞ the contribution fromĤ ′ p vanishes. We have calculated the order q 2 term in the magnon dispersion to order 1/J H using Eq. (7) with H IN T = 0 and find
with α = 1.04. A similar result was obtained by Furukawa using a simpler electron dispersion and the dynamical mean field method. We expect a very similar result for general interacting models, but with a possibly different value of α. 38 Also, the weak material dependence predicted by the theory is consistent with the experimental finding. However, this close agreement may be somewhat fortuitous since the parameters are not accurately known and the second order correction to D in Eq. (14) is not very small compared with the first order term. Nevertheless, these results suggest that other effects that may be expected to affect the spin wave stiffness may not be significant. One such effect proposed by Solovyev et.al. 8 is that in addition to the double-exchange ferromagnetic coupling there is a weaker antiferromagnetic coupling between the core spins. This would act to weaken the spin stiffness, and according to the calculations of Ref. [ 8] its magnitude depends sensitively on the buckling of the Mn-O-Mn bond. Also the electron-phonon coupling might affect the second term in Eq. (14) . Therefore the issue warrants further investigation.
V. CONCLUSIONS
We have measured and analyzed the optical conductivity of several manganite materials. We have identified the physical origin of the various features in the absorption spectrum and determined their variation with temperature and material. The temperature dependence of the spectral weight agrees quantitatively with theory and provides evidence in favor of the importance of the electron-phonon coupling. The kinetic energy of the e g electrons is found to be 10 − 20% larger than predicted by band theory; in view of the uncertainties in both calculation and measurement we believe this constitutes good agreement. The relation between the optical spectral weight and the spin wave stiffness was examined. Excellent agreement was found.
We would like to thank S. M. Bhagat, and S. E. Lofland for performing the ferromagnetic resonance measurements on the samples prior to the optical measurements and C. Kwon and C. Xiong for providing some of the samples. We also thank A. G. Markeltz at NIST for performing the Terahertz measurements. This work was supported in part by the NSF-MRSEC grant # DMR-96-32521, DMR-9705482 and NIST grant # 70NANB5H0086. TABLES   TABLE I . Observed kinetic energies (in meV) and some kinetic energy ratios for the three samples, obtained by integrating the observed conductivities and using Eqs. 4.3 and 4.4. K(2.7)≡ K T =0 (ω = 2.7eV) is obtained by integrating the observed conductivity at lowest temperature up to 2.7 eV; K par ≡ K T >Tc (ω = 2.7eV), the spectral weight associated with parallel spin transitions, is obtained by integrating the observed conductivity at the highest temperature up to 2.7 eV. K anti , the conductivity assiociated with the antiparallel transitions, is obtained by integrating the difference in conductivity between highest and lowest temperatures from 2.2 to 4 eV. 
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